Partial Order: Vz,y,z € A: Reflexive: 2Rz, Anti-symmetric: 2Ry, yRz = z = y, Transitive: 2Ry, yRz — zRz.

Total Order: Vz,y € A, 2Ry V yRx

Equivalence Relation: Vz,y, z € A: Reflexive: xRz, Symmetric: 2Ry = yRz, Transitive: 2Ry, yRz = zRz.

Equivalence Class: [z]:={y€ A:z ~y}

Ordered Fields: A field with a partial order (<) s.t.: (3) f z,y,2 €F, a <y —= z+z<zxz+vy, (%) 2,y €F, 2,y >0 = zy >0

Rational Zeros Theorem: Suppose co,- - ,cn € Z, T € Q satisfies cpr™ + -+ c17+co =0 for somen €N, ¢, #0. Letr = §,¢c,d € Z,d # 0, be
coprime. Then c, d divides co, cn.

LUBP: Given A C E where E is an ordered set, 3supA € E <—= A # @, A CE, Ais bounded above. supA :=«, Ja,F € Es.t. Va € A, a < a < 8.
GLBP: Given A C E where E is an ordered set, Jinf A € E <= A # @, A CE, A is bounded below. inf A :=«, Ja,B €Es.t. Va€e A, < a<a.
Archemedian Property: If ye R, > 0,then In e Nst. n-z>y. Pta=1:3ne€Nst. n>y. Pty=1:IneNst. n-z > 1~ 0< % <.
Density of Q in R: Vz,y e R:z <y, IpeQ:z<p<y

Sequence: A function f: N5 R <= n f(n) < n fneg (1,1,3,--4), zn=2VneN, {z,:n €N}, (zn)iZ1, (Tn)nen

Convergent: A sequence (z,) converges to z € Rif: Ve > 0,IN € N:Vn > N, |z, — z| < . We write (z,) = = as n — 00 or lim, 00 Tn = Z,
where z is the limit of (z,). Divergent: A sequence that does not converge.

Triangle Inequality: |z +y| <|z|+|y| = |z —y|=|z+(—2+2) —y| < |z — 2|+ |z —y| Vz,y,2 € R.

Unique Limits: 2, =z, ©n =y = z=y. [t —y|=|z+ (—z+2) —y| < |zn — x|+ |zn —y| =c if [zn — 2|, |zn —y| < 5.

Algebraic Limit Theorem: zn — 2,yn =y = (i) azn = ax, (i) Tn Lt yn > x Ly, (i) Tn-yn > x-y (iv) 72 = Ty #0

Monotone Convergence Theorem: Monotone inc/dec and bounded above/below = (z,) converges.

Bolzono-Weirstrauss Theorem: Bounded = 3(z,, ) that converges.

Squeeze Theorem: Given (zn), (Yn), (2n) 1 Yn < zn < 2,YVn € Nand y, — @, 2n — T aS N — 00, T — T a8 N — 0.

Test for Divergence: (z,) 4 0 = Yz, does not converge.

Cauchy Sequence: Ve > 0,3N € N:Vn,m > N, |z, — zm| < &. Note: (z,) is cauchy <= (x,) converges in R only.

Geometric Series: Given z € R, S, = 3 2* = 1’13”:1:1 ifr#l |z|<1 = Sp = = = ()" - 0by ALT. |z| >1 = S, — +o0.
k=1
Comparison Test: Assume y, > 0Vn > N. If |z,| < y,Vn € N, then:
(i) 3" yn converges = > x, converges.
(i) > |zn| diverges = " yn diverges.
(iil) Y yn = 400 & Tp > yn,Vn €N = >z, — +00.
Absolute Convergence Test: Y |z,| converges = > x,, converges.
o=} o=}
Cauchy Condensation Test: Given (z,) decreasing and nonnegative, > =, converges <= > 2"xan converges.
n=1 n=1

Cauchy Criterion: ) x, converges <= Ve > 0,INeN:n>m >N = [Zms1+ -+ 20| <e.

n=1

p-series Test:

18

- converges <= p > 1.

n=1

Ratio Test: Given x, # 0, lim

Tn+41
n— oo Tn

= L converges absolutely if L < 1, diverges if L > 1, inconclusive if L = 1.

Root Test: Given x,, lim |xn\% = L converges absolutely if L < 1, diverges if L > 1, inconclusive if L = 1.
n— o0

Alternating Series Test: If a sequence (z,) is decreasing and converges to 0, then > (—1)""'z,, converges.

Exponent rules with e: z* = ¢*'°5%. Log growth: logn < n*Va € RT. Diff of Cubes: 2 — a® = (z — a)(z? + ax + a?).
Closed Set: A set A that contains all of its limit points L4. Compact Set: Closed and bounded. Open Set: Not closed.
Limit Points: ACR. J(zn) CA:2p#cVn €NA lim 2, =¢c = ¢ € La.
n— oo
Functional Limit: ACR, c€ La, f: A— R, dom(f) = A. Then, lim f(z) =L ifV(z,) C A, zn #¢, zn — ¢, lim f(zn)=L.
r—c n—o0
Functional Limit (e,d): lim f(z) = L <= for c€ L4 if Ve > 0,36 > 0 s.t. whenever z € A,0 < |z —¢| < 4§, we have f(z) — L| < e.
Tr—c
Existance of Limits: lim f(z) exists <= lim f(z) = lim+ f(z)
xr—rc r—c— Tr—rc

Divergence F.L.: If 3(z,), (yn) CA:zp # ¢, yn #cVn and lim z, = lim y, =cand lim f(z,) # lim f(yn), then lim f(z) DNE.

n—oo n—oo n—oo n—oo r—c
Quantitative F.L.: lim f(z) =L < Ve >0, 30 =0(5,¢) >0:0< [z —¢|<d (z € A) = |f(z)-L|<e.

Tr—c
Continuity (¢,0): f: A— R is continuous at c€ Aif Ve > 0,36 >0:zx € A, |z —c| <J = f(z) — f(c)| <e.
C/L:ce Ly = [f cts at ¢ <= lim f(z) = f(c)]
Tr—rc

Heine-Borel Theorem: K C R compact <= K is closed and bounded.
Cts Theorem: f: A — Rctson A. K C A compact =—> f(K) is compact. (i.e. f is bounded (3M > 0:Vz € K, |f(z)| < M)).
EVT: f: K — R cts and K compact = Jzo,z1 € K : f(z0) < f(z) < f(x1) Vz € K.
IVT: f:[a,b] > Rcts, LER: f(a) < L < f(b) (or f(b) <L < f(a)) = Jc€ (a,b): f(c) = L.
Uni Cts: Ve >0, 30 =6(e) >0: |z —y|<d = |f(z) — f(y)| <e. unicts on A = cts on A, cts on compact K = uni cts.

Uni Cts: funicts A <= Ve >0, 36 >0: sup |f(z)— fly)| <e < sup{|f(z) — f(y)|: =,y € A, |z —y| <}
z,y€A
|z—y|<d

Differentiability: lim W = lim

T—c— z—ct
Linear Approximation: 91:1_>mc % exists <= JL,ReR: 91:1_>mc R(z) =0and f(z) = f(c) + (x — ¢)L + (x — ¢)R(x).
Interior EVT (Derivatives): c € I is an extremum for f and f is diff at c = f'(c) = 0.
Location of Extrema: f : [a,b] — R cts on [a,b], diff on (a,b) = f has extrema at either: a VbV c € (a,b) : f'(c) = 0.
MVT: f:[a,b] — R cts on [a,b], diff on (a,b) = e € (a,b) : f'(c) = LU — f(b) = f(a) + f(c)(b— a).
Properties of Derivatives: f'(z) =0 = f const. f'(z) >0 = f non-decreasing. f'(z)a <0 = f non-increasing.
Dorboux’s Theorem: f’ has IVT: if a < z1 <3 <band 3L € R: f'(a) < L < f'(b). Then, 3x € (z1,72) : f'(x) = L.
Partition: P C [a,b] :={t; : j=0,...,n}, n>1l:a=to<t1 < - <tn=h.

f@)=1(o)
x—c



Dorboux Sums: U(f,P) := Zn: sup{f(z): x € [tj—1,t;]}(t; —tj—1). L(f,P):= Xn: inf{f(z): x € [tj—1,t;]}(t; — tj—1).
Order: VP Q [a, b]ﬂf; € [tjfl,]t;},j = 17 ceey T ['(f7 P) S R(f7 P) S Z/{(f, P) "

Monotonicity/Common Refinement: P, P’ C [a,b] : P C P = U(f,P") <U(f,P)NL(f,P) < L(f,P).
Order: YP', P C [a,b], L(f,P') < U(f,P") <= L(f. ') < (. )<u(f, P) <U(f, P").

Upper/Lower Dorboux Int: fabf(ac)da: ZZPlnf Uus,P f f(x)dzx :== sup L(f,P). Note: f;f(x)dxgﬁf(x)dx
PCla,b] -

Integrability: f :[a,b] — R is int if f:f(x)dx = fa f(z)dz € R. Then, fa f(z)dz = faf(m)dx = f(ff(x)dx (int = f bdd on [a, b]).
Integrability: f: [a,b] - R bdd = f int on [a,b] <= Ve >0, IP. C [a,b] : 0 <U(f, P-) — L(f,P:) < &.

Integrability: f:[a,b] — R cts on [a,b] = f int on [a,b]. Property: f: f(x)dx = facf(a:)dx + fcb f(x)dx

Monotonicity: f,g: [a,b] — R int and f(z) < g(z) Vx € [a,b] = fbf Ydx < fbg

FTCTI: f:[a,b] > R cts on [a,b]. Let F:[a,b] = R, F(a) =0, F(x fz t)dt. Then Fdlffon (a,b) and F'(z) = f(z) Vz € (a,b).
FTC II: f: [a,b] — R cts on [a, b], diff on (a,b). If f’ int on [a,b], then f f(x)dz = f(b) — f(a).

(Rational Zeroes) Prove v/n + 1 —+/n — 1 is irrational Vn € N: Assume y/n + 1 — /n — 1 is rational. Then
r=vVntl—-yvn—1= z+V/n-1=vyn+1l = 224+2(Vn—Dz+n-1)=n+1 = 2> -2=-2(\n—- 1)z —
zt —dg? 44 = 42%(n — 1) = z* —4naz? +4 =0 but +£1, £2, +4 don’t solve the equation so v/n + 1 — v/ — 1 is irrational.

(Sequence Limit) Given (x,) = %, Show lim z, = 1
|xn — x| = % — % = "37121<Z},L3g2)3+6" = ‘2(;53"22 = 2(2§:§n>. Then 5n + 2 < 6n,n > 2, 2n° — 12n > %n‘?’,n >4, s0n=max{2,4} = 4.
Now, % < ;:3 = % <eso N > % Let € > 0. Take N = max{2,4,‘/71?}. Then Vn > N, from before we get % —% <e =

lim z, = %
n— oo

o0 o0
(Cauchy/Series) Given (2, )nen, (Yn)nen, Yn > 0 Vn € N, show if ) z, converges, {tn tly = Y azk} converges to 0:
n=1 n=k neN
Let s, = Z xk. Since s, converges to S € R, (s, ) satisfies the Cauchy Criterion. Therefore, Vn € N, (¢,,) is well-defined as t,,n = Z z) also satisfies
k=
the Cauchy crlterlon Then, t,, := hm tn,n exists and is finite for every fixed n € N. Fix N > n > 1 €. Then we have s,—1 + t,,y = sy. By ALT,

hm (sn,1 +tan) =8 = th = S — sn,1 Since R.H.S converges to 0, so does t,

(Comparison Test) Show if Z yn converges and IN € N: |z,| <y, Vn > N then Z Zn converges:

n=1
OO OO OO
Since |zn| < ynVn > N, we have that > |zn| < > yn = > |za| converges. Since Z Zn is finite, it converges. Then, by the comparison
n=N+1 n=N+1 n=N+1 n=1

o0
test, > x, converges.

n=1
((e,d) Cty) Show f(z) = %j’f*l is cts at z = 1:
2024521 2224521303 2¢% 4224 2|lz+2|[z—1 .
%—3] = (tbristess) _ Bediedl _ Aol Now if [z — 1| < §then [¢+2| < |z —1|+3 = §+3 < 4 and [+ 1| =

lt—142[>2—jz—1] >2—-6 > 1if § < 1. Then, for § < 1, we get Q‘ﬁf“|x—1|<86soc§:§. Let € > 0. Choose § = min {1, £}.

Then |f(z) — f(1)| = ﬁfjﬁ‘l —1/<8lz—1| <8 =8 =¢

(MVT) Prove that |cosz — cosy| < |z — y| Vz,y € R:

Apply MVT: Since Vx € R, sup|sinz| < 1. So, Vy € R we get: |cosz — cosy| < sup|(cos:c) [lz —y| < sup|smx||x —y| < |z -y
zER

(MVT) Suppose f is diff on R and f(0) =1, f(1) = f(2) = 1. Show that 3z € (0,2) : f'(z) = 3:

fdif on R = f cts on R. Apply MVT: 3z € (0,2) : f'(z) = %5(0) = 3=20 = 3. Thus, f'(z) = % for some z € (0,2).

(MVT/Dourboux’s Theorem) Suppose f is diff on R and f(0) =1, f(1) = f(2) = 1. Show that 3z € (0,2) : f'(z) = +
fdif on R = f cts on R. Apply MVT: 3z, € (1,2) : f'(z) = % = 1=1 = 0. So f'(z1) = 0. From above, Jz5 € (0,2) : f'(z2) = 5. Let
c= 1. Clearly, f'(z1) =0 < c= % < f'(z2) = 3. By Dorboux’s Theorem, 3z € (21,x2) C (0,2) : f'(z) = ¢ = 1.Since(1,2) C (0,2), we have that

Jz € (0,2): f'(z) = L.

(Differentiability) Suppose f,g diff on (a,b), f'(x) = ¢'(z) Vz € (a,b). Show that f(x) = g(z) + ¢ for some c € R:
h(z) := f(x) — g(z) diff on (a,b) and h'(z) = f'(z) — ¢’(xr) =0 = h is constant on (a,b).

(a) (Induction): Prove 1+ % +.+ L >/nVneN:

Vvn
cn = . 1 1 1 1 _ Vnvnfl 1 \/n?4n+1 nt+1l
Basecase.nflﬂlzl.IH.1+ﬁ+---+ﬁ+ﬁZ\/ﬁ+ ==Y AT tae = —_— > T+1**/n+1

Using (a), show RX::I ﬁ diverges:
n

o 1
Define s, := gl 7=

the series diverges.

1 .
From (a), s, > v/n Vn € N. Then 0 < i < ﬁ and nlgr;o Nl 0 = S— — 0 by squeeze theorem. Then, ILII;O Sn — +00 s0

(Im/Possible) f:[0,1] — R s.t. |f| is int on [0,1] but f is not:
f(z) = 1g(x) — Ig\@(z). Then |f| =1 Ve € R = int but f is not int.



(Subsequences) Let (z.) have the property: 3z € R: V(zn, ), 3(@n,, ) = . Show (z,) — 2:

Assume by contradiction (z,) 4 . Then, 3(zn,) : (Tn,) 7 z. le,, e > 0: VN €N, In > N : |z, — x| > €o. Take N =1 and get an n; > 1 for
which |z,, — x| > €o. Then, set N = max{2,n:1} and get no > N : |zn, — x| > €. Continue inductively to get |z,, — x| > zo Vk € N. Hence, any
subsequence of this subsequence will satisfy the above and won’t converge to x, a contradiction.

Assume f: R — R has the property: lim f(27") = f(0). Is f cts at O:
n—oo

1 27"
No: f(z) = ,xE{O}U{ n € N}
2 otherwise
Then lin%) f(z) DNE = not cts at 0.
T—

. Then if z, = 27", lim f(z, =27") = f(0) =1 but (yn) C I: yn — Oasn — oo, then lim f(y,) = 2.
n—oo n— o0

(Derivative) Calculate the derivative of f(z) = 321 at z = 1:
Brxtd _ (3)(1)+4 3x44—14z47 11-1lz

: 2z—1__ (H)(H—1 __ 12 2z —1 1 2z —1 —11(z—1) _ 4. —11 . _
ilgll -1 = ilinl -1 = i;ml -1 i;ml Gz—1)(z-1) _ i;ml z—1 iLmI st—1 — L
1 x> 1 x> . . .
Let f,¢g:[0,1] — R be defined by: f(z) = 1 el ,g9(x) = 1 el Show [ is upper semi-cts on [0,1] but g is not:
2 2

W.T.S: Given z € [0,1],e >0, 3> 0: |y —z|<d = f(y) < f(z) +¢

Let z € [0,1]. < 1 = f(z) = —1. Let £ > 0. Take § = min {4 — x,}. Then, whenever |y — x| < §, there are two cases. y < 3 = f(y) = —1
so fly < f(z)+e y> % = f(y) =1s0 f(y) < f(z) +e. In both cases, f is upper semi-cts on [0, 1].

Take z = § and e = 1. ThenV§ > 0, 3y € [0,1] : [y—=| < & but g(y) = 1,g(z) = —1. So, #6 > 0: g(y) < g(z)+e = g(z) not upper semi-cts on [0, 1].

(sup/inf) Show sup A —inf B=sup{a—b:a € A,b € B}:

By LUBP, sup A, inf B exist. Then, we have Va,b € A, B,a < sup A,b > inf B. So, Va,b€ A, B, a—b <supA—inf B — sup(A— B) < sup A—inf B,
so sup A — inf B is an upper bound for A — B. Let € > 0. Then, 3a € A:supA — 5 < a, 3b € B :inf B+ 5 > b. Let a be an upper bound for
A—B. Then,a —b < aVa € A, be B — suwpA—-—infB<a+e = supA—infB < «, so supA — inf B < sup(A — B). Thus,
supA —inf B=sup{a—b:a € A,be B}

(Dorboux Sums) Show VP C [a,b], we have U(f?,P) — L(f*,P) < 2MU(f,P) — L(f, P)]:

U(f*,P) - L( Zsup{f Px € [ty 1]} (8 — 1) me{f Ly € [ti—, 1]} (8 — 1)
= ;sup{f(w) — f2(y) @,y € by, 5]} (85 — 1) from (a)
=jilsup{[f(w)+f(y)][f(x)f(y)] 7y € [t 51} (6 — i)
< ésup{[lf(x)l NI — £ 5 29 € o, b1} (5 — 1)

<Y sup{[M + M][f(z) - f(y)] : @,y € [tj-1, 5]} (t; — tj-1) [ is bounded = |f(z)| < MVz € [a, ]

j=1

= Zsup {2M[f(z) — fW] s 2,y € [ti—1, 5]} (8 — tj—1)

= QMZSUP{[J”(QU) —fW)]z,y € [tj—1, 4]} (5 — ti-1)

= QM[u(fv P) - ‘C(f7 P)]

(Integrability) Prove if f : [a,b] — R is integrable, so is f>:
fisint = Ve >0, 3P C[a,b] : 0 <U(f,Pe) — L(f,Pe) < 557 Then, U(f?,Pe) — L(f?,P=) < 2M[U(f,P) — L(f,P)] < 2M 35; = €. So f* int.

(IVT) Let a < b and f : [a,b] — [a,b] be cts on [a,b]. Show that Jc € [a,b] : f(c) =
Define g(z) := f(xz) — z. Then g is cts on [a,b] and g(a) = f(a) —a > 0, g(b) =
g(a) >0A g(b) <0. Then by IVT, 3¢ € (a,b) : g(c) =0 = f(c) =c.

c
f(b) — b < 0. If either g(a),g(b) = 0, we are done. Else,

(IVT) Let f and g be cts functions on [a,b] : f(a) > g(a) A f(b) < g(b). Prove Tz € [a,b] : f(z0) =
Define h(z) := f(x) — g(z). If either f(a) V f(b) = g(a) V g(b), we are done. Else, h(a) = f(a) — g(a)
[a,b] = h(z) cts on [a,b]. Then by IVT, 3zq € (a,b) : h(zo) =0 = f(x0) = g(z0).

=1. Show 3z € [-1,0) : f(2) = —2>:
0] We have g(0) = f(0) + 0 = 1. Since f is increasing on [—1,0), f(—1) < f(0) =
= —1. Otherwise, g(—1) <0 < g(0). Apply IVT to get zo € (—1,0) : g(xo) =0

(IVT) Let f:R — R cts on R, inc on [—1,0. Assume f(0)
Define g(x) := f(z) — (—23) = f(x) + 2% Then g is cts on [ 1
1 = g(-1)=f(-1)—1<1—1=0. So if g(~1) = 0, put =

(Partitions) Let f,g: [a,b] — R be int on [a,b] and s.t. f(r) = g(z) Yz € [a,b]NQ. Show that for any P C [a,b], we have L(f, P) <U(f, P):
Let I C [a,b]. Then, inf f(z) < inf f(z)= inf g(z) < sup g(z) < supg(z).
zel z€INQ z€INQ zeINQ zel



(Uni Cty) Determine if f(z) =logx is uni cts on (0, 1):
No: xp = e ", yn = € 2. Then |z, — yn| — 0 as n — oo but |f(zs) — f(yn)| = |loge

—n

—loge ™| =|2n—n| = |n| > 1.

(Uni Cty) Determine if f(z) = sin = is uni cts on (0, 1]:
No: z, = L Then Zn — 0 as n — oo = Cauchy but f(z,) = sin = L —sin <

1

= sin (3 + 7n) = (—1)" which is not Cauchy.

(Uni Cty) Determine if f(z) = -1 is uni cts on (4,00):

Yes: Let € > 0. Let § = min{1,e}. Then, |z —y| <& = |f(z) — f(y)| <e. |f(z) — fy)| = |55 — y%] g < Bl =l -y <d=e
(Limits) Find the limit of lim f_[,a > 0:
Tr—ra
VE-VE _ iy E-VE VE-Va 1
lim E5R = lim 967V = i v mve = I e = Ve = e
(Series) Study the convergence of Z cos7n,
Comparison Test: z,, = COZ#, Yn = % Then, 0 <z, <y, Vn € N. n% converges —> Z COS % converges.
n=1 n=1
. = 1 .
(Series) Study the convergence of ;::2 Tk
e} o0
Comparison Test: For n > 10, logn <n — loén > % So x, = @ > Yn = % Vn > 10 € N. Then, % diverges = >, @ diverges.
n=2 n=2
(Series) Study the convergence of ol
. nbr| n
Ratio Test: hm (;:j')ln)lrl . (”(231)! :nan;o‘W = lim_ @ =1 <1 = converges.

(Integrability) Find f:|f| is int but f is not:

)1 z€Q
f(x)_{—l reR\Q

Let P:={t; : t; = %} Then, we have
= sup{f(z) : @ € [ty—1, 5]} (t; — t;-1)
j=1
= ZM(f, [ti-1, ] (5 —ti-1)

Zl tj—tji—1) =1

- Zinf{f(m) @ € [ti—1, 5]} (t —tj—1)

= Zm(ﬁ [tj—1,t])(t; —tj—1)

n

LUP) = 1 (t —t-1) =1

=1

thus U(f,P) =1+# —1 = L(f,P) so f is not int.
For |f|, we have

U(|f1,P) Zsup{lf € [ti—1, t]} (t5 —tj-1)
= ZM(\fL [ti—1,t])(t; —tj—1)

U(f|,P) = 21 =1

n

L(f,P) =Y inf{|f(z)|: @ € [t—1, 5]} (85 — ;1)

Jj=1

= Zm(lf\, [ti-1, 6D — ti-1)

L(fI,P) = Zl tj—tji—1) =1



thus U(|F|,P) =1 =1= L(|f],P) so |f] is int.



