Partial Order: Vx,y, z € A: Reflexive: xRz, Anti-symmetric: 2Ry, yRx = x =y, Transitive: xRy, yRz — zRz.

Total Order: Vz,y € A, xRy V yRx

Equivalence Relation: Vz,y, z € A: Reflexive: £Rx, Symmetric: 2Ry = yRx, Transitive: 2Ry, yRz = zRz.

Equivalence Class: [z] :={yc€ A: 2z ~y}

Induction: (%) Py is true. (i) Assume P, is true for some n € N. Prove P,y is true. Then, P, is true Vn € N.

Ordered Fields: A field with a partial order (<) s.t.: (3) Hz,y,2 €F, e <y = ax+z<zx+vy, (it) 2,y €F, 2,y >0 = zy >0
Algebraic Number: « is algebraic if it solves ¢,z™ + - + c1z + ¢g = 0 for some n € N, c¢g,¢, € Z,¢c, # 0 (e.g. /2. Note:
Q ¢ {algebraic numbers})

Rational Zeros Theorem: Suppose cg, -+ ,c, € Z, v € Q satisfies cpr™ + -+ + c1r + ¢ = 0 for some n € N, ¢, # 0. Let
r=9,¢,d€Z,d#0, be coprime. Then c, d divides cg,cp.

LUBP: Given A C E where E is an ordered set, 3supA € E < A # 0, A C E, A is bounded above. sup A := «, Ja, 5 € E s.t.
Vae A, a<a<p.

GLBP: Given A C E where E is an ordered set, JinfA € E < A # @, A C E, A is bounded below. infA := «, Ja,p € E s.t.
Vae A, B<a<a.

Archemedian Property: If y € R, £ > 0, then 3n € Nsit. n-x >y. Ptz =1:3n € Nst. n >y. Puty =1:3dn € N s.t.
n~x>1->0<%<x.

Density of Qin R: Ve, y e R:x<y,IpeQ:z<p<y

Sequence: A function f: N>R < n+— f(n) < nw— f, eg (1, %, %, ), Xy = % Yn €N, {x, :n €N}, (,)22, (Tn)nen
Convergent: A sequence (z,) converges to z € R if: Ve > 0,IN € N:Vn > N, |z, —z| < e. We write (z,) - = as n — oo or
lim,, o @, := x, where z is the limit of (z,,).

Divergent: A sequence that does not converge.

Absolute Value: |z| = {zifx >0}, {—zif 2 <0} = |z| >0. (3) |zy| = |z|ly|, (i4) |t —y| <z <= z<2x—-y<z < y—2<
z<y+z

Triangle Inequality: [z +y| <|z|+ |y = |z —y|=|z+ (—2+2) —y| < |z —z|+ |z —y| Vz,y,2 € R.

Unique Limits: z, >z, 2, -y = z=y. [z —y|= v+ (—v+2z) —y| < |vp — 2|+ |, —y| =€ if [, — 2|, |20 —y| < 5.
Algebraic Limit Theorem: z,, — z,y, >y = (i) ax, — az, (i) z, £y, — = Ly, (43) 0 - Yn = x -y (1v) ‘Z—n — %,y #0

C defines a Partial (not Total) Order on P(A):

Reflexive: B € P(A). B=B — B C B.

Anti-symmetric: B,C € P(A). (BCC)AN(CC B) = B=C.

Transitivity: B,C,D e P(A):BCCCD.2e€B = 2€(C = €D = BCD.

P(A) is not a Total Order: A = {a,b} = P(A) ={0,{a},{b},{a,b}}. {a} C {b} and {b} C {a}

(24 +/3)3 is irrational: Assume (2 + /3)3 is rational. Then
z=02+V3)F = ¥ =243 = (23 -22=(V3)? = 10 —423+4=3 — 26— 423 +1 =0 but +1 does not solve the equation
so (24 \/§)% is irrational.

Show sup{A:={peQ:p<r}} = r where r € R: r is an upper bound for A and A # () by the Archemedian Property (ap-
plied to —r). So sup A exists in R. By definition, supA < r. Assume by contradiction sup A < r. By the density of Q in R,
JgeQ:supA<qg<r = g€ A which is a contradiction.

Prove (1+z)">14naVneN: (i) P:1+z>1+=x
(ii) Assume P, is true for some n € N

(1+2)"™ =1 +2)"(1+2) > (1+nz)(1+2)
21+m¢+z+nx2
>14 (n+ 1z > 14+ (n+ 1)z +na?
(I4+z)"" >14 (n+ 1)z

Define xRy : x —y = 2k, k € Z. Prove it’s an equivalence relation. How many unique classes?

Reflexive: v € Z, x —2=0=2-0, 0 € Z = zRx.

Symmetric: z,y€Z: 2Ry — Ik €Z:z—y=2-k. Theny—z=—(z—y)=—-2-k)=—-k, -k€Z = yRa.
Transitive: z,y,2 € Z : xRy AyRz —> Jki1, ko € Z :x —y = 2ky Ny — 2 = 2ks. Then

r—z=z+4+(—y+y) —z=(x—y)+ (x—2) =2k + 2ky = 2(k1 + ko), k1,ks €Z = zR=z.

There are exactly 2 unique Equivalence Classes:

l:={z€Z:2R1}. z€[l] = Jke€Z:z—-1=2k < z=2k+1 = zis odd.

2:={z€Z:2R2}. x€2] = Fk€Z:x—-2=2k — z=2(k+1) = =z is even.

Prove vn+1—+/n —1 is irrational Vn € N: Assume v/n + 1 — +/n — 1 is rational. Then
r=vn+l—-vn—-1= z+Vn-1=vn+1 = 2°+2(Vn—-1lz+(n—-1)=n+1 = 22 -2=-2(V/n—-1)z =
2t — 422 + 4 =42%(n - 1) = z* —4nx? + 4 = 0 but 1, £2, +4 don’t solve the equation so /n + 1 — /n — 1 is irrational.

Y ={mz+b:2¢e€ X, mbecRT}. Prove supY = msupX + b: From (a), supY < msupX +b. Let z € R: 2 < msup X + b. Since
m>0,z—b<msupX <— %b < sup X. By definition, Z;Lb is not an upper bound for X — ExéX:% <x = z<mz+beY.

Therefore, z is not an upper bound for Y.




Show z, = Y2tlyp € N converges (to 1):

Vn+i
Vn+1 1 = vn+l—+yn+1
vn—+1 N vn+1
<|\/ﬁ—\/n+1|+ 1
B vn+1 vn+1
1 1
= +
(Wn+1+vn)vn+1 Vn+1
1 1
< +
“n+1l n+1
2
< —=<
*\/ﬁ €
4
'I’L>€*2
s on—1 _ 2
Prove lim Sntz = 3
2n —1 2 <
- = €
3n+2 3
6n— 3 — (6n +4)
<e
3(3n+2)
Bl R
3(3n +2)
7 <e ote il < 7
_— note:
3(3n +2) 383n+2)| ~ 3(3n+2)
7 <e
In+6
>7—65
n
9e
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Prove sup (A; U Az) = max {sup A;,sup A2} = sup <UZ_1 Ak> = maxg=1,. . n{supAg}: By LUBP of R, sup A,z exist =

A1 UAy; = sup (41 UAs) = sup (A1 U As) <max{sup A;,sup As}. <= supA; <sup(4; UAs), i =1,2. Then, sup (UZ_1 Ak> <
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