
Monotone Convergence Theorem: Monotone inc/dec and bounded above/below =⇒ (xn) converges.
Bolzono-Weirstrauss Theorem: Bounded =⇒ ∃(xnk

) that converges.
Squeeze Theorem: Given (xn), (yn), (zn) : yn ≤ xn ≤ zn∀n ∈ N and yn → x, zn → x as n → ∞, xn → x as n → ∞.
Test for Divergence: (xn) ̸→ 0 =⇒

∑
xn does not converge.

Cauchy Sequence: ∀ε > 0,∃N ∈ N : ∀n,m > N, |xn − xm| < ε. Note: (xn) is cauchy ⇐⇒ (xn) converges in R only.

Geometric Series: Given x ∈ R, Sn =
n∑

k=1

xk = 1−xn+1

1−x if x ̸= 1. |x| < 1 =⇒ Sn → 1
1−x =⇒ (x)n → 0 by ALT. |x| > 1 =⇒ Sn → +∞.

Comparison Test: Assume yn ≥ 0 ∀n ≥ N . If |xn| ≤ yn∀n ∈ N, then:
(i)

∑
yn converges =⇒

∑
xn converges.

(ii)
∑

|xn| diverges =⇒
∑

yn diverges.
(iii)

∑
yn → +∞ & xn ≥ yn,∀n ∈ N =⇒

∑
xn → +∞.

Absolute Convergence Test:
∑

|xn| converges =⇒
∑

xn converges.

Cauchy Condensation Test: Given (xn) decreasing and nonnegative,
∞∑

n=1
xn converges ⇐⇒

∞∑
n=1

2nx2n converges.

Cauchy Criterion:
∞∑

n=1
xn converges ⇐⇒ ∀ε > 0,∃N ∈ N : n > m ≥ N =⇒ |xm+1 + · · ·+ xn| < ε.

p-series Test:
∞∑

n=1

1
np converges ⇐⇒ p > 1.

Ratio Test: Given xn ̸= 0, lim
n→∞

∣∣∣xn+1

xn

∣∣∣ = L converges absolutely if L < 1, diverges if L > 1, inconclusive if L = 1.

Root Test: Given xn, lim
n→∞

|xn|
1
n = L converges absolutely if L < 1, diverges if L > 1, inconclusive if L = 1.

Alternating Series Test: If a sequence (xn) is decreasing and converges to 0, then
∑

(−1)n+1xn converges.
Exponent rules with e: xa = ea log x

Existance of Limits: lim
x→c

f(x) exists ⇐⇒ lim
x→c−

f(x) = lim
x→c+

f(x)

Continuity (ε, δ): f : A → R is continuous at c ∈ A if ∀ε > 0,∃δ > 0 s.t. whenever x ∈ A, |x− c| < δ, we have f(x)− f(c)| < ε.
Functional Limit (ε, δ): lim

x→c
f(x) = L ⇐⇒ for c ∈ LA if ∀ε > 0,∃δ > 0 s.t. whenever x ∈ A, 0 < |x− c| < δ, we have f(x)− L| < ε.

Prove using the (ε, δ) definition that f(x) =
√
x+

√
x is continuous on [0,+∞).

Scratch: Case 1: c = 0. Then, |f(x)− f(0)| =
√
x+

√
x ≤

√
2
√
x = 2

1
xx

1
4 . x < δ =⇒ δ ≤ 1

4ε
4.

Proof: Let ε > 0. Choose δ = min
{
1, 1

4ε
4
}
. Then, |f(x)− f(0)| =

√
x+

√
x ≤

√
2
√
x = 2

1
xx

1
4 < ε whenever 0 ≤ x < δ.

Scratch Case 2: c ̸= 0. Then, we have:

0 < |f(x)− f(c)| =
∣∣∣∣√x+

√
x−

√
c+

√
c

∣∣∣∣
=

|x+
√
x− c−

√
c|

|
√
x+

√
x+

√
c+

√
c|

≤ |x− c+
√
x−

√
c|

|
√
c+

√
c|

=
|x− c+ x−c√

x+
√
c
|

|
√
c+

√
c|

≤
|x− c|+

∣∣∣x−c√
c

∣∣∣
|
√
c+

√
c|

=
(|x− c|) (

√
c+ 1)

√
c
√
c+

√
c

< ε

=⇒ δ =

√
c
√
c+

√
c√

c+ 1
ε

Proof: Let ε > 0. Choose δ =
√
c
√

c+
√
c√

c+1
ε. By above, we have |f(x)− f(c)| <

√
c+1

√
c
√

c+
√
c
δ = ε

Let (xn), (yn), (zn) be sequences of real numbers such that there exists N0 ∈ N for which yn ≤ xn ≤ zn for all n > N0. If

the series
∞∑

n=1
yn and

∞∑
n=1

zn converge, show that the series
∞∑

n=1
xn converges.

Proof: Let ε > 0. Since the series
∑

yk,
∑

zk converge, they satisfy the Cauchy criterion, so ∃N1, N2 ∈ N s.t.∣∣∣∣∣
n∑

k=m+1

yk

∣∣∣∣∣ < ε for all n > m > N1

∣∣∣∣∣
n∑

k=m+1

zk

∣∣∣∣∣ < ε for all n > m > N2

Let N = max {N0, N1, N2}. Then by assumption,∣∣∣∣∣
n∑

k=m+1

xk

∣∣∣∣∣ ≤ max

{∣∣∣∣∣
n∑

k=m+1

yk

∣∣∣∣∣ ,
∣∣∣∣∣

n∑
k=m+1

zk

∣∣∣∣∣
}

< ε

Thus,
∑

xn satisfies the Cauchy criterion, so the series converges.
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Study the convergence of
∞∑

n=2

nlog n

(logn)n

Proof: Let xn = nlog n

(logn)n . Apply the root test:

|xn|
1
2 ≤ n

log n
n

log n
=

e
(log n)2

n

log n

Then, there exists N ∈ N s.t. for n > N ,
∣∣∣ (logn)2

n

∣∣∣ ≤ (
n

1
4

)2

n = 1

n
1
2
≤ 1√

N
, so for n > N

|xn|
1
2 ≤ 1√

N

1

log n

Since lim
n→∞

log n = +∞ and log n ≥ 1 for n ≥ 2, lim
n→∞

1
logn = 0. By ALT and squeeze theorem, lim

n→∞
|xn|

1
n = 0 < 1. So by the root test, xn

converges.

Decide if the following series converges:
∞∑

n=1
2−

√
n

Let A ⊆ R s.t. there exists a sequence (xn) ∈ A converging to a real number x0 ̸∈ A. Show there exists an unbounded
continuous function on A.
Proof: Let f : A → R be given by f(x) = 1

x−x0
. Since x0 ̸∈ A, f(x) is well-defined on all of A. It is clearly continuous by the ALT. We

show it is unbounded. LetM > 0 be given and choose ε = 1
M . Since xn → x0, there existsN ∈ N s.t. |xn−x0| < ε. So |f(x)| = 1

|xn−x0| > M .

Prove lim n+6
n2−6 = 0 ∣∣∣∣ n+ 6

n2 − 6
− 0

∣∣∣∣ < ε∣∣∣∣ n+ 6

n2 − 6

∣∣∣∣ < ε

Note that when n ≥ 6, we have that |n+ 6| ≤ 2n, |n2 − 6| ≥ 1
2n

2.∣∣∣∣ n+ 6

n2 − 6

∣∣∣∣ ≤ 2n
1
2n

2
< ε

4n

n2
< ε

4

n
< ε

n > max {4
ε
, 6}

Let ε > 0. Let N ≥ max { 4
ε , 6}. Then ∀n > N , we have

n > max {4
ε
, 6} =⇒

∣∣∣∣ n+ 6

n2 − 6

∣∣∣∣ ≤ 2n
1
2n

2
< ε
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